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BILINEAR SPHERICAL MAXIMAL FUNCTION
J. A. BARRIONEVO, LOUKAS GRAFAKOS, DANQING HE, PETR HONZI´K,
AND LUCAS OLIVEIRA
ABSTRACT. We obtain boundedness for the bilinear spherical maximal
function in a range of exponents that includes the Banach triangle and a
range of Lp with p< 1. We also obtain counterexamples that are asymp-
totically optimal with our positive results on certain indices as the di-
mension tends to infinity.
1. INTRODUCTION
Let σ be surface measure on the unit sphere. The spherical maximal
function
(1) M ( f )(x) = sup
t>0
∣∣∣∫
|y|=1
f (x− ty)dσ(y)
∣∣∣,
was first studied by Stein [19] who provided a counterexample showing that
it is unbounded on Lp(Rn) for p≤ n
n−1 and obtained the a priori inequality
‖M ( f )‖Lp(Rn) ≤Cp,n‖ f‖Lp(Rn) when n≥ 3, p ∈ ( nn−1 ,∞) for smooth func-
tions f ; see also the account in [20, Chapter XI]. The extension of this result
to the case n= 2 was established about a decade later by Bourgain [1].
In addition to Stein and Bourgain, other authors have studied the spheri-
cal maximal function; for instance see [5], [3], [17], [16], and [18]. Among
the techniques used in these works, we highlight that of Rubio de Francia
[17], in which the Lp boundedness of (1) is reduced to certain L2 estimates
obtained by Plancherel’s theorem. Extensions of the spherical maximal
function to different settings have also been established by several authors:
for instance see [4], [2] [12], [7] and [15].
In this work we study the bi(sub)linear spherical maximal function de-
fined in (2), which was introduced and first studied by [8]. In the bilinear
setting the role of the crucial L2→ L2 estimate is played by an L2×L2→ L1,
and obviously Plancherel’s identity cannot be used on L1. We overcome the
lack of orthogonality on L1 via a wavelet technique introduced by three of
the authors in [10] in the study of certain bilinear operators; on this approach
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see [11], [14]. It is worth mentioning a related interesting recent paper [13],
where the authors studied the bilinear circular average when n = 1. Our
object of study here is the bi(sub)linear spherical maximal function
(2) M( f ,g)(x) = sup
t>0
∣∣∣∫
S2n−1
f (x− ty)g(x− tz)dσ(y,z)
∣∣∣
initially defined for Schwartz functions f ,g on Rn. Here σ is surface mea-
sure on the 2n− 1-dimensional sphere. We are concerned with bounds
for M from a product of Lebesgue spaces Lp1(Rn)× Lp2(Rn) to another
Lebesgue space Lp(Rn), where 1/p= 1/p1+1/p2. The main result of this
article is the following:
Theorem 1. Let n ≥ 8 and let δn = (2n−15)/10. Then the bilinear max-
imal operator M, when restricted to Schwartz functions, is bounded from
Lp1(Rn)× Lp2(Rn) to Lp(Rn) with 1
p
= 1
p1
+ 1
p2
for all indices ( 1
p1
, 1
p2
, 1
p
)
in the open rhombus with vertices the points ~P0 = (
1
∞ ,
1
∞ ,
1
∞),
~P1 = (1,
1
∞ ,1),
~P2 = (
1
∞ ,1,1) and
~P3 = (
1+2δn
2+2δn
, 1+2δn
2+2δn
, 1+2δn
1+δn
).
Once Theorem 1 is known, it follows thatM admits a bounded extension
from Lp1(Rn)×Lp2(Rn) to Lp(Rn) for indices in the open rhombus of The-
orem 1 (for such indices we have p1, p2 <∞). Indeed, given { f j} j Schwartz
functions converging to f in Lp1 and {gk}k Schwartz functions converging
to g in Lp2 , we have that
‖M( f j,g j)−M( f j′,g j′)‖Lp ≤
∥∥M( f j− f j′,g j)+M( f j,g j−g j′)∥∥Lp .
It follows from this that the sequence {M( f j,g j)} j is Cauchy in Lp(Rn)
and hence it converges to a value which we also call M( f ,g). This is the
bounded extension of M from Lp1(Rn)×Lp2(Rn) to Lp(Rn). In order to
pass to the maximal function defined on Lp1×Lp2 , it is also possible to used
the technique desribed in [20, page 508].
Concerning dimensions smaller than 8, we have positive answers in the
Banach range in next section.
2. THE BANACH RANGE IN DIMENSIONS n≥ 2
Proposition 2. Let n ≥ 2. Then M maps Lp1(Rn)× Lp2(Rn) to Lp(Rn)
when 1
p1
+ 1
p2
= 1
p
, 1< p1, p2 ≤ ∞, and 1< p≤ ∞.
Proof. We show that M is bounded on the intervals [~P0,~P1) and [~P0,~P2),
where ~P1 and ~P2 are as in Theorem 1. Then the claimed assertion follows
by interpolation. If one function, for instance the second one g, lies in L∞,
matters reduce to the Lp(Rn) boundedness of the maximal operator
M0( f )(x) = sup
t>0
∫
S2n−1
| f (x− ty)|dσ(y,z),
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sinceM( f ,g)(x)≤ ‖g‖L∞M0( f )(x). This expression inside the supremum
is a Fourier multiplier operator of the form∫
R2n
|̂ f |(ξ )δ0(η)d̂σ(tξ , tη)e2piix·(ξ+η)dξdη =
∫
Rn
|̂ f |(ξ )d̂σ(tξ ,0)e2piix·ξdξ
where δ0 is the Dirac mass and
d̂σ(t(ξ ,0)) = 2pi
Jn−1(2pit|(ξ ,0)|)
|t(ξ ,0)|n−1 .
The multiplier d̂σ(ξ ,0) is smooth everywhere and decays like |ξ |−(n− 12 ) as
|ξ | → ∞ and its gradient has a similar decay.
The following result is in [17, Theorem B] (see also [6]):
Theorem A. Let m(ξ ) be a C[n/2]+1(Rn) function that satisfies |∂ γm(ξ )| ≤
(1+ |ξ |)−a for all |γ| ≤ [n/2]+ 1 with a ≥ (n+ 1)/2. Then the maximal
operator
f 7→ sup
t>0
∣∣( f̂ (ξ )m(tξ ))∨∣∣
maps Lp(Rn) to itself for 1< p< ∞.
In order to have n− 1
2
≥ n+1
2
we must assume that n≥ 2. It follows from
Theorem A that M0 is bounded on Lp when 1 < p ≤ ∞ and n ≥ 2. This
completes the proof of Proposition 2.

3. THE POINT (2,2,1)
Next we turn to the main estimate of this article which concerns the point
L2×L2 → L1, i.e., the estimate ‖M( f ,g)‖L1 ≤ ‖ f‖L2‖g‖L2 .
Proposition 3. If ψ is in C∞0 (R2n), then the maximal function
M( f ,g)(x) = sup
t>0
∣∣∣∣∫
R2n
f̂ (ξ )ĝ(η)ψ(tξ , tη)e2piix·(ξ+η)dξdη
∣∣∣∣
satisfies that for any 1< p1, p2 < ∞ and 1/p= 1/p1+1/p2, there exists a
constant C independent f and g such that
‖M( f ,g)‖Lp(Rn) ≤C‖ f‖Lp1(Rn)‖g‖Lp2(Rn)
The proof of Proposition 3 is standard and is omitted. Next, we decom-
poseM. We fix ϕ0 ∈ C∞0 (R2n) such that χB(0,1) ≤ ϕ0 ≤ χB(0,2) and we let
ϕ(ξ ,η) = ϕ0((ξ ,η))−ϕ0(2(ξ ,η)). For j ≥ 1 define
m j(ξ ,η) = d̂σ(ξ ,η)ϕ(2
− j(ξ ,η))
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and for j = 0 define m0(ξ ,η) = d̂σ(ξ ,η)ϕ0(ξ ,η). Then we have
d̂σ = m= ∑
j≥0
m j
where d̂σ(ξ ,η) = 2pi
Jn−1(2pi(ξ ,η))
|(ξ ,η)|n−1 . Setting
M j( f ,g)(x) = sup
t>0
∣∣∣∣∫
R2n
f̂ (ξ )ĝ(η)m j(tξ , tη)e
2piix·(ξ+η)dξdη
∣∣∣∣,
we have the pointwise estimate
(3) M( f ,g)(x)≤ ∑
j≥0
M j( f ,g)(x), x ∈ Rn.
Proposition 4. For n ≥ 8, there exist positive constants C and δn = n5 − 32
such that for all j ≥ 1 and all functions f ,g ∈ L2(Rn) we have
(4) ‖M j( f ,g)‖L1 ≤C j2−δn j‖ f‖L2‖g‖L2.
Proposition 4 will be proved in the next section. In the remaining of this
section we state and prove a lemma needed for its proof.
Lemma 5. Suppose that σ1(ξ ,η) is defined on R
2n and for some δ > 0 it
satisfies:
(i) for any multiindex |α| ≤M = 4n, there exists a positive constant Cα
independent of j such that ‖∂ α(σ1(ξ ,η))‖L∞ ≤Cα2− jδ ,
(ii) supp σ1 ⊂ {(ξ ,η) ∈ R2n : |(ξ ,η)| ∼ 2 j,c12− j ≤ |ξ ||η| ≤ c22 j}.
Then T ( f ,g)(x) :=
∫ ∞
0 |Tσt( f ,g)(x)|dtt is bounded from L2(Rn)×L2(Rn) to
L1(Rn) with bound at most a multiple of j‖σ1‖4/5L2 2− jδ/5, where σt(ξ ,η) =
σ1(tξ , tη).
Proof of Lemma 5. A crucial tool in the proof of Lemma 5 is the following
result [10, Corollary 8]:
Proposition B. Let m ∈ L2(R2n) and CM > 0 satisfy ‖∂ αm‖L∞ ≤ CM for
each multiindex |α| ≤M = 16n. Then the bilinear operator Tm associated
with the multiplier m satisfies
‖Tm‖L2×L2→L1 ≤CC1/5M ‖m‖4/5L2 .
Using Proposition B, setting f̂ j = f̂χ{c1≤|ξ |≤c22 j+1}, by the support of σ1
we obtain that
‖Tσ1( f ,g)‖L1 ≤C‖σ1‖4/5L2 2− jδ/5‖ f j‖L2‖g j‖L2 .
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Notice that Tσt ( f ,g)(x) = t
−2nTσ1( ft ,gt)(
x
t
), where f̂t(ξ ) = f̂ (ξ/t). Then
‖Tσt ( f ,g)‖L1 ≤C‖σ1‖4/5L2 2− jδ/5t−n‖ f̂ (ξ/t)χE j,0‖L2‖ĝ(η/t)χE j,0‖L2
=C‖σ1‖4/5L2 2− jδ/5‖ f̂ χE j,t‖L2‖ĝχE j,t‖L2,
where E j,t = {ξ ∈ Rn : c1t ≤ |ξ | ≤ 2
jc2
t
}.
As a result we obtain∫
Rn
∫ ∞
0
|Tσt( f ,g)|
dt
t
dx
≤C‖σ1‖4/5L2 2− jδ/5
∫ ∞
0
‖ f̂ χE j,t‖L2‖ĝχE j,t‖L2
dt
t
≤C‖σ1‖4/5L2 2− jδ/5
(∫ ∞
0
∫
Rn
| f̂ χE j,t |2dξ
dt
t
) 1
2
(∫ ∞
0
∫
Rn
|ĝχE j,t |2dξ
dt
t
) 1
2
.
We control the last term as follows:∫ ∞
0
∫
Rn
| f̂ χE j,t |2dξ
dt
t
≤C
∫
Rn
∫ 2 j/|ξ |
1/|ξ |
dt
t
| f̂ (ξ )|2dξ ≤C j‖ f‖2
L2
and thus we deduce
‖T ( f ,g)(x)‖L1 ≤C‖σ1‖4/5L2 2− jδ/5 j‖ f‖L2‖g‖L2.
This completes the proof of Lemma 5. 
4. PROOF OF PROPOSITION 4
Proof. Estimate (4) is automatically holds for finitely many terms in view
of Proposition 3, so we fix a large j and define
Tj,t( f ,g)(x) =
∫
R2n
f̂ (ξ )ĝ(η)m j(tξ , tη)e
2piix·(ξ+η)dξdη.
Take a smooth function ρ on R such that χ[ε−1,1−ε] ≤ ρ ≤ χ[−1,1]. Define
m1j(ξ ,η) = m j(ξ ,η)ρ(
1
j
(log2
|ξ |
|η|)), then we have a smooth decomposition
ofm j withm j =m
1
j+m
2
j . On the support ofm
1
j we haveC
−12− j|ξ | ≤ |η| ≤
C2 j|ξ | and on the support of m2j we have 2 j(1−ε)|ξ | . |η| or 2 j(1−ε)|η| .
|ξ |. We define
Mij( f ,g) = sup
t>0
|T ij,t( f ,g)|, i ∈ {1,2},
where T 1j,t and T
2
j,t correspond to multipliers m
1
j(t(ξ ,η)) and m
2
j(t(ξ ,η))
respectively, such that Tj,t = T
1
j,t+T
2
j,t . Then for f ,g Schwartz functions we
have
M1j( f ,g)(x) =sup
t>0
|T 1j,t( f ,g)(x)|
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=sup
t>0
∣∣∣∣∫ t
0
s
dT 1j,s( f ,g)
ds
ds
s
∣∣∣∣
≤
∫ ∞
0
|T˜ 1j,s( f ,g)(x)|
ds
s
,
where T˜ 1j,s has bilinear multiplier m˜
1
j(sξ ,sη) = (sξ ,sη) · (∇m1j)(sξ ,sη),
a diagonal multiplier with nice decay, which can be used to establish the
boundedness of the diagonal part with the aid of Lemma 5.
Recall that
m1j(ξ ,η) = ϕ(2
− j(ξ ,η))2pi
Jn−1(2pi(ξ ,η))
|(ξ ,η)|n−1 ρ(
1
j
(log2
|ξ |
|η|))
for j ≥ 1 and a calculation shows that |∂1(m1j)| is controlled by the sum
of three terms bounded by C2− j(2n−1)/2, C2− j(2n+1)/2 and C 1
j
2− j(2n−1)/2
respectively. Indeed, when the derivative falls on φ , we can bound it by
C2− j2− j(n−1/2) =C2− j(n+1/2). If the derivative falls on the second part, us-
ing properties of Bessel functions (see, e.g., [9, Appendix B.2]), we obtain
the boundC
Jn(2pi(ξ ,η))
|(ξ ,η)|n |ξ1| ≤C2− j(n−1/2). For the last case, we can bound it
byC2− j(n−1/2) j−1 1|ξ |
ξ1
|ξ | ≤C2− j(n−1/2) j−12−ε j. As a consequence we have
|∂1(m1j)| ≤C2− j(2n−1)/2. Then we can show that |∂1(m˜1j)| ≤C2− j(2n−3)/2
and similar arguments give that for any multiindex α we have |∂ αm˜1j | ≤
C2− j(2n−3)/2. Moreover, from this we can show that
‖m˜1j‖2 ≤C
(∫
|(ξ ,η)|∼2 j
|2− j(n− 32 )|2dξdη
) 1
2
≤C2− j(n− 32 )2 jn ≤C2 32 j.
Applying Lemma 5 to the function m˜1j(ξ ,η)= (ξ ,η) ·(∇m1j)(ξ ,η)which
satisfies the hypotheses with δ = (2n−3)/2, we obtain
(5) ‖M1j( f ,g)‖L1 ≤C j‖m˜1j‖
4
5
L2
2− j
δ
5 ‖ f‖L2‖g‖L2 =C j2 j(
3
2− n5 )‖ f‖L2‖g‖L2.
It remains to obtain an analogous estimate forM2j .
For the off-diagonal part m2j we use a different decomposition involving
g-functions. For f ,g ∈ S(Rn) we have
M2j( f ,g)(x) =
(
sup
t>0
|T 2j,t( f ,g)(x)|2
) 1
2
=
(
sup
t>0
∣∣∣∣2∫ t
0
T 2j,s( f ,g)(x)s
dT2j,s( f ,g)(x)
ds
ds
s
∣∣∣∣) 12
≤
√
2
{(∫ ∞
0
|T 2j,s( f ,g)|2
ds
s
) 1
2
(∫ ∞
0
|T˜ 2j,s( f ,g)|2
ds
s
) 1
2
} 1
2
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=
√
2
(
G j( f ,g)(x)G˜ j( f ,g)
) 1
2 .(6)
Here T˜ 2j,s( f ,g) has symbol m˜
2
j(sξ ,sη) = (sξ ,sη) · (∇m2j)(sξ ,sη) and
G j( f ,g)(x) =
(∫ ∞
0
|T 2j,s( f ,g)|2
ds
s
) 1
2
G˜ j( f ,g)(x) =
(∫ ∞
0
|T˜ 2j,s( f ,g)|2
ds
s
) 1
2
.
Lemma 6. If a σ1(ξ ,η) on R
2n satisfies
(i) for any multiindex |α| ≤M = 4n, there exists a positive constant Cα
independent of j such that ‖∂ α(σ1(ξ ,η))‖L∞ ≤Cα2− jδ ,
(ii) supp σ1 ⊂ {(ξ ,η) ∈ R2n : |(ξ ,η)| ∼ 2 j, |ξ | ≥ 2 j(1−ε)|η|, or |η| ≥
2 j(1−ε)|ξ |},
then T ( f ,g)(x) := (
∫ ∞
0 |Tσt ( f ,g)(x)|2 dtt )1/2 is bounded from L2×L2 to L1
with bound at most a multiple of 2− j(δ−ε), where σt(ξ ,η) = σ1(tξ , tη).
Proof. Recall that supp m2j ⊂{(ξ ,η) : 2 j(1−ε)|ξ |. |η| or 2 j(1−ε)|η|. |ξ |}.
We consider only the part {|ξ | ≥ 2 j(1−ε)|η|} because the other part is sim-
ilar. By [10, Section 5] we have
|Tσ1( f ,g)(x)| ≤C2ε j2− jδM(g)(x)|Tm( f )(x)|,
whereM is the Hardy-Littlewood maximal function and Tm is a linear oper-
ator that satisfies ‖Tm( f )‖L2 ≤C‖ f̂χ{|ξ |∼2 j}‖L2 . Then
|Tσt( f ,g)(x)| ≤ 2− j(δ−ε)t−nM(g)(x)Tm( ft)(x/t),
and ∫
Rn
(∫ ∞
0
|Tσt ( f ,g)(x)|2
dt
t
) 1
2
dx
≤C2− j(δ−ε)
∫
Rn
(∫ ∞
0
t−2nM(g)(x)2|Tm( ft)(x/t)|2dt
t
) 1
2
dx
≤C2− j(δ−ε)‖M(g)‖L2
(∫
Rn
∫ ∞
0
∣∣t−nTm( ft)(x/t)∣∣2dt
t
dx
) 1
2
≤C2− j(δ−ε)‖g‖L2
(∫
Rn
| f̂ (ξ )|2
∫ 2 j+1/|ξ |
2 j−1/|ξ |
dt
t
dξ
) 1
2
≤C2− j(δ−ε)‖g‖L2‖ f‖L2.
This completes the proof of Lemma 6. 
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We now return to the proof of Proposition 4. Notice that both m2j(ξ ,η)
and m˜2j(ξ ,η) satisfy conditions of Lemma 6 with δ being either (2n−1)/2
or (2n−3)/2 respectively, so
‖G j( f ,g)‖L1 ≤ C2− j(2n−1)/2‖ f‖L2‖g‖L2
‖G˜ j( f ,g)‖L1 ≤ C2− j(2n−3)/2‖ f‖L2‖g‖L2.
Using (6) we deduce
(7) ‖M2j( f ,g)‖L1 ≤‖G j( f ,g)‖1/2L1 ‖G˜ j( f ,g)‖
1/2
L1
≤C2− j(n−1)‖ f‖L2‖g‖L2.
Combining (5) and (7) yields Proposition 4 with δn =
n
5
− 3
2
. 
5. INTERPOLATION
By Proposition 3 (for term j ≤ c0) and Proposition 4 (for j ≥ c0), for any
δ ′n < δn, as a consequence of (3) we obtain
‖M( f ,g)‖L1 ≤
∞
∑
j=0
Cδ ′02
−δ ′n j‖ f‖L2‖g‖L2 ≤Cδ ′0‖ f‖L2‖g‖L2.
This establishes the boundedness ofM from L2×L2 to L1 claimed in The-
orem 1 (recall n ≥ 8). It remains to obtain estimates for other values of
p1, p2. This is achieved via bilinear interpolation.
Notice that when one index among p1 and p2 is equal to 1, we have that
M j maps Lp1×Lp2 to Lp,∞ with norm . 2 j. Indeed, this follows from the
estimate
|ϕ∨j ∗ (dσ)(y,z)| ≤CN2 j(1+ |(y,z)|)−2N ≤CN2 j(1+ |y|)−N(1+ |z|)−N
which can be found, for instance, in [9, estimate (6.5.12)]. Thus we have
M j( f ,g)(x)≤C2 jM( f )M(g)
whereM is the Hardy-Littlewood maximal function. We pick two points
~Q1 = (1/1,1/(1+ ε),(2+ ε)/(1+ ε))
~Q2 = (1/(1+ ε),1/1,(2+ ε)/(1+ ε))
and we also consider the point ~Q0= (1/2,1/2,1). We interpolate the known
estimates forM j at these three points. Letting ε go to 0, we obtain that for
p > 2+2δn
1+2δn
we have that M j maps Lp(Rn)× Lp(Rn) to Lp/2(Rn) with a
geometrically decreasing bound in j. Recall that δn = (2n−15)/10> 0, so
we need n≥ 8.
Thus summing over j gives boundedness forM from Lp(Rn)×Lp(Rn)
to Lp/2(Rn) when p > 2+2δn
1+2δn
. By interpolation we obtain boundedness for
M in the interior of a rhombus with vertices the points (1/∞,1/∞,1/∞),
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(2n−3/2
2n−1 ,
1
∞ ,
2n−3/2
2n−1 ), (
1
∞ ,
2n−3/2
2n−1 ,
2n−3/2
2n−1 ) and (
1+2δn
2+2δn
, 1+2δn
2+2δn
, 2+4δn
2+2δn
). The proof
of Theorem 1 is now complete.
We remark that is the largest region for which we presently know bound-
edness forM in dimensions n≥ 8.
6. COUNTEREXMAPLES
In this section we construct counterexamples indicating the unbounded-
ness of the bilinear spherical maximal operator in a certain range. Our
examples are inspired by Stein [19] but the situation is more complicated.
Proposition 7. The bilinear spherical maximal operatorM is unbounded
from Lp1(Rn)×Lp2(Rn) to Lp(Rn) when 1≤ p1, p2≤∞, 1p = 1p1 +
1
p2
, n≥ 1,
and p≤ n
2n−1 . In particular,M is unbounded from L2(R)×L2(R) to L1(R)
when n= 1.
Remark 1. We note that 1+δn
1+2δn
− n
2n−1 =
1+ n5− 32
1+ 2n5 −3
− n
2n−1 ≈ 1n → 0 as n→ ∞.
This means that the gap between the range of boundedness and unbounded-
ness tends to 0 as the dimension increases to infinity.
Proof. We first consider the case n= 1 where it is easy to demonstrate the
main idea.
Define functions onR by setting f (y)= |y|−1/p1(log 1|y|)−2/p1χ|y|≤1/2 and
g(y) = |y|−1/p2(log 1|y|)−2/p2χ|y|≤1/2. Then f ∈ Lp1(R), g ∈ Lp2(R) and we
will estimate from belowM√
2R
( f ,g)(R) for large R, where
Mt( f ,g)(x) =
∫
S1
| f (x− ty)g(x− tz)|dσ(y,z).
In view o the support properties of f and g we have |y− 1√
2
| ≤ 1
2
√
2R
, and
|z− 1√
2
| ≤ 1
2
√
2R
. We also have that y2+ z2 = 1 since (y,z) ∈ S1.
Therefore we rewriteM√
2R
( f ,g)(R) as
∫ √2
2
+
1
2
√
2R√
2
2
− 1
2
√
2R
|R(1−
√
2y)|−
1
p1 (− log |R(1−
√
2y)|)−
2
p1
|R(1−
√
2z)|−
1
p2 (− log |R(1−
√
2z)|)−
2
p2 dy√
1−y2 ,
(8)
with z=
√
1− y2.
Notice that |R(1−√2z)|= R| 1−2z2
1+
√
2z
| ≤ R|1−2y2| ≤ 3R|1−√2y| since1
z ≈ y≈√2/2. As a result, with the help of (9) [Lemma 8], the expression
1Here a≈ b means that |a− b| is very small.
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in (8) is greater than
∫ √2
2
+
1
100R√
2
2
− 1
100R
R
− 1
p |(1−
√
2y)|− 1p (− log |R(1−
√
2y)|)− 2pdy
=2R−1
∫ 1
100
0
t−1/p(log 1
t
)−2/pdt =
{
CpR
−1 if p≥ 1
∞ if p< 1.
ThusM( f ,g) /∈ Lp(R) for p< 1 and alsoM( f ,g)(x)≥C/x for x large if
p = 1. It follows that M( f ,g) /∈ L1(R) for p = 1, hence the statement of
the proposition holds.
We now consider the higher-dimensional case n ≥ 2. We define f (y) =
|y|−n/p1(log 1|y|)−2/p1χ|y|≤1/100 and g(y)= |y|−n/p2(log 1|y|)−2/p2χ|y|≤1/2. We
have that f lies in Lp1(Rn) and g lies in Lp2(Rn). The mapping (y,z) 7→
(Ay,Az)withA∈ SOn is an isometry on S2n−1, hence we haveMt( f ,g)(x)=
Mt( f ,g)(|x|e1), where e1 = (1,0, . . . ,0) ∈Rn. Thus we may take x= Re1 ∈
R
n with R large.
By the change of variables identity (10) [Lemma 9], we have
M√
2R
( f ,g)(Re1)
=
∫
S2n−1
f (Re1−
√
2Ry)g(Re1−
√
2Rz)dσ(y,z)
=
∫
Bn(
1√
2
e1,
1
100R
)
|
√
Ry−Re1|−
n
p1 (− log |Re1−
√
2Ry|)− 2p1
∫
E
|
√
2Rz−Re1|−
n
p2 (− log |Re1−
√
2Rz|)− 2p2 dσ rn−1(z) dy√
1−|y|2 ,
where Bn(a,r) is a ball in R
n centered at a with radius r, and E is the
(n− 1)-dimensional manifold Sn−1√
1−|y|2 ∩Bn(
1√
2
e1,
1
2
√
2R
) with Sn−1r being
the sphere in Rn with radius r and dσ rn−1 the measure on S
n−1
r .
We next focus on the inner integral, namely
I =
∫
E
|
√
2Rz−Re1|−
n
p2 (− log |Re1−
√
2Rz|)− 2p2 dσ rn−1(z).
Take a point z0 ∈ Sn−1√
1−|y|2 ∩ ∂
(
Bn(
1√
2
e1,
1
2
√
2R
)
)
, and let θ be the angle
between vectors z0 and e1, which the largest one between z ∈ E and e1.
Here ∂B is the boundary of a set B. Then θ is small if R is large and2
|E| ∼ (
√
1−|y|2θ)n−1 ∼ θn−1. Noticing that θ2 ∼ sin2θ = 1− cos2θ ∼
2A∼ B means that the ratio A/B is bounded above and below
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1− cosθ and that
1−|y|2+ 1
2
−
√
2
√
1−|y|2 cosθ = 1
8R2
,
we obtain that θ2 ∼ 1
8R2
− (
√
1−|y|2− 1√
2
)2. Then we write∣∣∣√1−|y|2− 1√
2
∣∣∣= ∣∣∣ 1−|y|2−12√
1−|y|2+ 1√
2
∣∣∣≤ 2|12 −|y|2| ≤ 125R .
Consequently θ ≥C/R.
Collecting the previous calculations, we can bound I from below by∫ θ
0
∫
S
n−2
t sinα
|
√
2Rz−Re1|−
n
p2 (− log |Re1−
√
2Rz|)− 2p2 dσ t sinαn−2 (z)dα,
where t = |z|=
√
1−|y|2 ≈ 1√
2
, and z1 = cosα . By symmetry, let us con-
sider just that case t < 1√
2
. Let β be the angle such that |√2z− e1| =
2|√2t − 1|, then 2t2+ 1− 2√2t cosβ = 4|√2t − 1|2, which implies that
β 2 ∼ 1− cosβ ∼ 2√2t − 2t2− 1+ 4(√2t − 1)2 = 3(√2t − 1)2. So β ∼
1−√2t. When α = 0, we have trivially that |√2z−e1|= |
√
2t−1|. So for
α ∈ [0,β ], we have |√2z−e1| ∼ 2|
√
2t−1| ≤ 2∣∣2|z|2−1∣∣= 2∣∣2|y|2−1∣∣≤
6
∣∣√2|y|−1∣∣≤ 6|√2y−e1|. Consequently using the fact that 1−√2t ≤Cθ
and (9) again we obtain
I ≥C
∫ θ
0
∫
S
n−2
t sinα
|√2Rz−Re1|1−n
|√2Rz−Re1|
n
p2
−n+1
(− log |Re1−
√
2Rz|) 2p2
dσ t sinαn−2 (z)dα
≥ CR
1−n|√2t−1|1−n
|√2Ry−Re1|
n
p2
−n+1
(− log |Re1−
√
2Ry|) 2p2
∫ C(1−√2t)
0
sinn−2αdα
≥CR1−n |
√
2t−1|1−n|1−√2t|n−1
|√2Ry−Re1|
n
p2
−n+1
(− log |Re1−
√
2Ry|) 2p2
=CR1−n|
√
2Ry−Re1|−
n
p2
+n−1
(− log |Re1−
√
2Ry|)− 2p2 .
Using this estimate we see that
M√
2R
( f ,g)(Re1)
≥ CR1−n
∫
Bn(
1√
2
e1,
1
100R
)
|Re1−
√
2Ry|− np+n−1(− log |Re1−
√
2Ry|)− 2pdy
= CR1−2n
∫
Bn(0,
1
100
)
|x|− np+n−1(− log |x|)− 2pdx
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= CR1−2n
∫ 1
100
0
r
− np+2n−2(− logr)− 2pdr
=
{
CR−2n+1 if p= n
2n−1
∞ if p< n
2n−1
.
HenceM( f ,g) is not in Lp for p< n
2n−1 andM( f ,g)(x)≥C|x|1−2n for all
|x| large enough, hence it is also not in L n2n−1 (Rn) when p= n
2n−1 . 
Lastly, we prove a couple of points left open.
Lemma 8. Let r1,r2 > 0, t, s≤ 110 , and t ≤Cs for some C ≥ 1. Then there
exists an absolute constant C′ (depending on C,r1,r2) such that
(9) s−r1(log 1
s
)−r2 ≤C′t−r1(log 1
t
)−r2 .
Proof. Define F(x) = xr1(logx)−r2 . Differentiating F , we see that F is in-
creasing when x is large enough and so,
F(1
s
) = s−r1(log 1
s
)−r2 ≤Cr1(Cs)−r1(log 1
Cs
)−r2 =Cr1F( 1
Cs
)≤C′F(1
t
),
which is a restatement of (9).

Lemma 9. For functions F(y,z) defined in R2n with y, z ∈ Rn, we have
(10)
∫
S2n−1
F(y,z)dσ(y,z) =
∫
Bn
∫
S
n−1
ry
F(y,z)dσ
ry
n−1(z)
dy√
1−|y|2 ,
where Bn is the unit ball in R
n and Sn−1ry is the sphere in R
n centered at 0
with radius ry =
√
1−|y|2.
Proof. We begin by writing
∫
S2n−1 F(y,z)dσ(y,z) as
(11)
∫
B2n−1
[
F(y,z′,zn)+F(y,z′,−zn)
]
dydz′√
1−|y|2−|z′|2 ,
where z= (z′,zn), and zn =
√
1−|y|2−|z′|2; see [9, Appendix D.5].
Writing z/ry = ω = (ω
′,ωn−1) ∈ Rn−1×R, we express the right hand
side of (10) as∫
Bn
∫
S
n−1
ry
F(y,z)dσ
ry
n−1(z)
dy√
1−|y|2
=
∫
Bn
rn−1y
∫
Sn−1
F(y,ryω)dσn−1(ω) dy√
1−|y|2
=
∫
Bn
rn−1y
∫
Bn−1
[
F(y,ryω
′,ryωn)+F(y,ryω ′,−ryωn)
]
dω ′√
1−|ω ′|2
dy√
1−|y|2
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=
∫
Bn
rn−1y
∫
ryBn−1
[
F(y,z′,zn)+F(y,z′,−zn)
] r1−ny dz′√
1−|ω ′|2
dy√
1−|y|2
=
∫
Bn
∫
ryBn−1
[
F(y,z′,zn)+F(y,z′,−zn)
]
dydz′√
1−|y|2−|z′|2 ,
as one can easily verify that
√
1−|ω ′|2
√
1−|y|2 =
√
1−|y|2−|z′|2. Us-
ing that B2n−1 is equal to the disjoint union of the sets {(y,ryv) : v ∈ Bn−1}
over all y∈ Bn, we see that the last double integral is equal to the expression
in (11), as claimed. 
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